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In the present paper we describe firstly the special linear Lie algebra sl{n + 1) and its universal enveloping 
algebra (UEA) U[sl{n + 1)] via creation and annihilation generators (CAGs) [1]. Thus we provide an 
alternative to the Chevalley description of U[sl{n + 1)] in terms of generators and relations. Secondly, we 
describe the quantized universal enveloping algebra Uq[sl{n + 1)] [2, 3] entirely via deformed CAGs. 

The concept of creation and annihilation operators (or generators) of a (semi) simple Lie (super) algebra 
of rank n was introduced in [1]. The annihilation generators a^,...,a^ (resp. the creation generators 
0.1,... ,a^) are always among the positive (resp. among the negative) root vectors. To be more precise we 
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recall that the root system of s/(n + 1) = A„ is 

A = {eA-eB\A^B = 0,l,...,n}. (1) 

The correspondence between the CAGs of sZ(n + 1) and their roots reads: af <-> ^{eo — Si). The simple root 
vectors Cj have roots Si-i — £i, Ci ^ Si-i — £j, i = 1, . . . ,n. Therefore the CAGs are very different from the 
Chevalley generators ei,fi,hi, i = 1, . . . ,n of sl{n+l). 

For us personally the interest in the subject stems from the observation that the CAGs (including 
sl{oo)) provide an alternative way for quantization of integer spin fields. This leads to a generalization of 
the quantum statistics, the A-statistics [4]. The latter, as it is clear now, is a particular case of the Haldane 
exclusion statistics [5] , a subject of considerable interest in condensed matter physics (see, for instance, [6-8] 
and the references therein). We are not going to discuss the properties of the underlying statistics here. 
We note only that the quantization of U[sl{n + 1)] leads to deformations of the Fock space representations, 
considered in [4], which gives new solutions for the microscopic statistics of the g-ons of Karabali and Nair [9], 
a particular realization of the Haldane statistics. The very fact that we consider Hopf algebra deformations 
of the creation and the annihilation operators has an additional advantage: using the comultiplication one 
may construct new representations of af , a^, . . . in any tensor product of state spaces, namely new solutions 
for the (/-on statistics. 

2. The Lie algebra sl{n + 1) 

In order to define the CAGs of sl{n + 1) it is convenient to consider it as a subalgebra of the Lie algebra 
gl{n + 1). The UEA of gl{n + 1) can be defined as an associative algebra with 1 of the indeterminates 

{e^sIA, B = 0,1, . . . ,n} subject to the relations (below and throughout [x, y] = xy — yx) 

[eAB,ecD] = ^BceAD - SAoecB- (2) 



Then gl{n + 1) is a subalgebra of the Lie algebra U[gl{n + 1)] with generators bab, A,B = 0, 1, . . . , n and 
commutation relations (2). 
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The Cartan subalgebra H' of gl{n + 1) has a basis eoo, en, . . . , e„„. Let eo,ei, . . . ,en be the dual basis, 
^AieBs) = Sab- The root vectors of both gl{n + 1) and sl{n + 1) are bab, A ^ B = 0,1, . . . ,n. The root 
of each cab is sa — sb- Then 

sl{n + 1) = span{eAB, saa - bbbIA B = 0,1, . . . ,n}. (3) 

The canonical description of sl{n + 1), which is appropriate for Hopf algebra deformations, is given in 
terms of its Chevalley generators 

= Cj— 1,8, fi = hi = Ci—i^i—i en, i = 1,2, ... ,n, (4) 

and the n x n Cartan matrix {aij} with entries aij = 26ij — Sij-i — Si-ij: U[sl{n + 1)] is an associative 
algebra with 1 of the Chevalley generators subject to the Cartan relations 

[hi,hj] = 0, [hi,ej] = aijCj, [hi,fj] = -aijj, [ei,fj\ = dijhi, (5) 

and the Serre relations 

[ei,ej]=0, [fi,fj]=0, |i-j|>l, 

[ei, [ci, ei±i]] = 0, [/,, [/,, fi±i]] = 0. 
The creation and the annihilation generators of sl{n + 1) are [4] = Cjo and = eoi, i = 1, . . . ,n. 

Our new result is contained in the following proposition. 

Proposition 1. U[sl{n+1)] is an associative algebra with 1, (free) generators , dj, . . . , d^ and relations 

[«i,4]=0> [[af,a7^],d^] = i5jfcaf +(5ijd^, |i-j|<l, C = ±. i,3,k = 1, . . . ,n. (7) 

We skip the proof, since it is a particular case of the proof of the Theorem in Sect. 3 , when g — > 1. The 

expressions for the Chevalley generators in terms of the CAGs read (i ^ 1): 

ei=di", Cj = [d^i,d,"], 

/i=af, fi = [at^K-il (8) 
/ii = [oJ-,d+], hi = [dT,al] - [dr_^,d+_i], 

with inverse relations 

ar =ei, a^ = [[[... [[ei, 62], 63] ...], 6,-1], e^], 

(9) 

at = A, &t = [fi, [fi-i, [. . . [k [k A]] • • •]]]• 



Only from (5), (6) and (9) one derives all relations among the CAGs: 

[[0'i,aj%al]= Sjk&l +Sijal, [af,a|]=0, C = ±, i,j,= l,...,n. (10) 

Note that (7) is a subset of (10). This is to say that (7) represents the minimal set of relations required 
to define U[sl{n + 1)]. The fact that the creation (annihilation) generators commute among themselves 
facilitates the construction of the Fock representations of sZ(n + 1) (also in the case n = oo) [4]. A similar 
problem for the parastatistics of an arbitrary order [10, 11] remains still unsolved: explicit expressions for 
the transformations of the Fock spaces do not exist. 



3. Uq[sl{n + 1)] in terms of deformed creation and annihilation generators 

The description of Uq[sl{n + 1)] in terms of Chevalley generators is well known. See, for instance [2, 3], where 
all Hopf algebra operations are explicitly written. Here we write only the algebra operations. Uq[sl{n + 1)] 
is an associative algebra with 1 of its Chevalley generators e^, /», ki — ki = k^^, i = 1, . . . ,n, subject 
to the Cartan relations {q = q~^) 

kiej = q'^'^Bjku kifj = q-'^'ifjku (116) 

fc- — 

[ei,/j] =6^ ^_ -' . (11c) 

and the Serre relations 

[ei,e,] = 0, [/i,/,]=0, |i-i|^l, (12a) 

[ej, [Ci, ei±i]q]q = [ej, [e^, ei±i]q]q = 0, [fi, fi±l\q\q = [/i, [/i, fi±l]q]q = 0. (126) 

Here and throughout we assume that q is not a root of 1. 

Having in mind the expressions (9) we define the deformed CAGs as follows (below and throughout 
[a, h]x = ab — xba): 

0-1= ei, a~ = [[[... [[el,e2]q,ez]q...\q,e^-l]q,e^]q = [ar_^,ei]q, i^l, (13a) 

at = h, «+ = [/i,[/i-i,[---[/3,[/2,/i]«]«...]g]«], = [/i,a+i]„ i^l. (136) 
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Note that Eqs. (11), (12) are invariant with respect to the linear antiinvolution ( )*, defined as 

{BiT = fi, {kiT = h, {qy = q, {{xTT = X, {ab)* = (6)*(a)*. (14a) 

Therefore, if F,G G Uq[sl{n + 1)] and F = G, then also (F)* = (G)*. In particular, 

{afr=af. (146) 

Proposition 2. The following "mixed" relations hold {i^l): 

(a) [ei,aT]^5,_i = -g5i_i_^ar, {h) [/i, = ^i-i,jat, 

(15) 

(c) [ei,a+] = 5ijal_-^ki, {d) [fi,aj ] = -5ijkiai_-i^, 

Proof. The proof is based on repeated use of identities like {x = x~^) 

If [a, b] = 0, then [[a, c]q, b]p = [a, [c, b]p]g; (16a) 
// [a,c]=0, then {x + x)[b,[a,[b,c]x]x] = [a,[b,[b,c]x]s]x'^ - [[b,[b,a]a;]x,c]x'^- (166) 

We begin with (15a). 

(i) Let j < i — 1. Then from (12a) one immediately has [ei,aj] =0. 

(ii) Let j = i — 1. Prom (13a) [a^-i,ei\q = and therefore [e^, a^_-i\q = —qo-^- 

(iii) Let j = i. li i = 2, [62,02"], = [e2, [ei,e2]g]g = -g[e2, [e2,ei]5]g = according to (12b). If i > 2 set 
'h = [K^2'ej-i]g'fi«]g- Then [ei,a^]q = [ei,[[a^_2,ei-{\q,ei\q,ei]q and, since [ei,a^_2\ = 0, using twice 
(16a), one has: [ei,a,~]g = [ei,[a^_2,[ei-i,ei]q]q]q = [a,^2 Je,, [cj-i, ei]g]g]g = 0, since [e^, [e^-i, e,],], = 
-q[ei, [ei,et-i]q]q = according to (12b). Thus, [et,a~]q = 0. 

(iv) Let i + 1 = j. From (16) one has at x = q 

[cj, [[ei-i,ei]q,ei+i]q] = (g + g)~^([ei_i, [e^, [cj, ej+i]q]q]g2 - [cj, [cj, ej_i]g]q, ei+i]g2) = 0, (17) 

according to (12b). Therefore [62, ag] = [62, [[ei, e2]g, esjg] =0. If i > 2, a~^-^ = [[[aT'_2,ei-i]q,ei]q,ei+i]q 
and since a^2 commutes with e,,e,+i, from (16a) one obtains a^^ = [a^2! [[ei-i, e^Jg, e,+i]q]q. Therefore, 
[ej,a^^J = [e^, [a~_^, [[ei_i, 6,]^^, e,+i]q]q] = [a~_2, [e^, [[ei_i, Cijg, ej+i]g]]g = 0, according to (17). 

(v) Let j > i + 1. Then a~ = [[. . .[[a^_^-^^,ei+2\q,ei+3]q . . .]q,ej-i]q,ej]q and, since commutes with 
ei+2, ei+3, . . .ej, according to (16a), and it commutes also with a^^, according to (iv), one has [ei,aj] = 0. 
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The unification of (i)-(v) yields (15a). Applying the antiinvolution (14) on both sides of (15a) one obtains 
(15&). 

We pass to prove (15c). 

(i) For i > j , (15c) is an immediate consequence of (11c) and (136). 

(ii) Let i=j. [ei,af] = [e^, [fi,a+_-^]q] (from (i) and (16a)) = [[cj, a+_J, 
= [{q - q)~\ki - ki, )a+_i]g = a+_ifci. 

(iii) Let j = i + Using (16a) and then (15a), we have 

[ei,a+^l] = [Ci, [fi+i, {h,at-l]q]q] = ifi+l, Ih, fi],at-l]q]q 

= [{q - q)iki - fci),a+_i],], = [fi+i,al_-^ki\q = 0. 

(iv) For j > i + l,af = [fj, [fj-i, [. . . [fi+s, [fi+2, at+i\q]q ■ ■ -hhh and since commutes with a+,_i according 
to (iii) and with fj,fj-i, . . . , fi+2 according to (11c), we conclude that [cj, a^"] = 0. 

Combining (i)-(iv) gives (15c). Acting on both sides of it with the antiinvolution (14) one derives {15d). 

Proposition 3. The deformed CAGs (13) together with the "Cartan" operators fci, . . . , fc„ generate (in 
a sense of an associative algebra) Uq[sl{n + 1)]. 

Proof. The proof is an immediate consequence of the relations: 

, kik2..-h-kik2...ki . 
K,af] = ^— , « = l,...,n, (18a) 

K",a+^i] = -/ci/ca . . . A;Ji+i, [a^::^!, a+] = -Cj+ifci^a • • ■ ^i, i = l,...,n-l. (186) 

These equations are proved by induction on i. For i = \ (18a) holds. Let (18a) be true. Then from (136), 

(16a) and (18a) 

k"- = k"' [/i+l> Oi^]^] = [/i+i> k"> = -^q{ii+\Mk2 ...ki- kih . ■ ■ ki]q- 

Using (11) the latter yields 

[a~ ,al+i\ = -qfi+ikik2 ■ ■ ■ h = -kika ■ ■ ■ hfi+i. 

Similarly one derives the other equation in (186). The conclusion so far is that if (18a) holds, then also 
Eqs. (186) hold. Assuming this, compute [a^j,a+^j] = Cj+ijg, a+^^J. Using the identity [[A, B]a,,C] = 

[[A,CIB]^ + [A, [B, one has 

= -[kik2 . . . kifi+i, ei+i\q + [ar, atfcj+i]^ 
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= [ei+1, fi+i]kik2 ...ki + [ai , al]ki+i 
= (9 - q)~^{kik2 . . . ki+i - kih . . . ki+i)- 

Thus, if (18a) holds for a certain i, it holds for any i. Hence Eqs. (18a) and (186) hold. Therefore 
(i = l,2,...,n-l), 

ei = aj", fi=af, ei+i = -[a^_^^,a'l]kik2 . . . ki, fi+i = -kih ■ ■ -hiai ,a'l^i]- (19) 

Hence af,...,a^ together with kf^, . .., k^^ generate Uq[sl{n + 1)], which completes the proof. 
Define new "Cartan" generators 

Li = kik2...ki^ki= Li, ki = LiLr\, i^l. (20) 

We are now ready to formulate our main result. 

Theorem. Uq[sl{n + 1)] is an associative algebra with unity, generators af, Li, = Li, i = 1, . . . ,n 
and relations 

LiLi = LiLi = 1, LiLj = LjLi, (21a) 
Liaf = q'^^^+^^'^afLi, (216) 

K,«,+] = ^J^, (21c) 
' = hi+iLf^ci^l r? = ± or ± 1, (21d) 

[a?,a^], = 0, 77 = ±- (21e) 

Proof. Most of the preliminary results, necessary for the proof, are already obtained. Eq. (21a) is 
an immediate consequence of (11a) and the definition (20). From (9), (116) and (20) one derives LiO^ = 
q^r-=i X),=i "^'OjLi. Then (21b) follows from the observation that X)r=i Sl=i (^rs = 1 + 5ij. Inserting (20) 
in (18a) one obtains (21c). Replacing in (15) Cj and fi with the right hand sides of (19) one derives all triple 
relations (21d). The nontrivial part is to write all of them in the compact form (21d). Eqs. (21e) coincide 
with two of the Serre relations (126). 

Thus, Eqs. (21) hold. It remains to prove that these relations are sufficient in order to derive any other 
relation in Uq[sl{n+1)\. To this end it suffices to show that the Cartan relations (11) and the Serre relations 

7 



(12) follow from Eqs. (21). The relations for the Chevalley generators are (19) and (20). Eq. (11a) follows 
straight from (21o), and (116) is obtained by the repeated use of (216). 

The proof of Eq. (11c) is however not so simple. We consider in detail the more difficult case, namely 
when i,j 7^ 1. Then [eijj] = [[a+ i,a7]Li_i,Zj_i[at,aJ_i]] 
= [kti, a"], Lj_i][a+, a-_i]Li_i + Lj_i[[a+_^,a-], [a+ , a-_-^]]Li_i 
+ [af_-^^,ar]Lj_i[Li_i,[a^,a~_-^]] since [Li_i,Lj_i] =0. 

Let us shift all the L and L to the left by making repeated use of Eq.(216). So r.h.s. becomes 
^i-6i_i,3_i+5ij_i£^._^2yi_i([a^^,a~][a+,a~_J - q^'-^-^~^'-^-^[af , a~_-^][af_-i^, a^]), which can be writen as 

[eufj] = 9^-**---+'^--i,-iLi-i[[a+ i,ar], [a+ aT.J]^.,.,,, . (22) 

Now we use the identity 

[A, [B, C]x]y = [[A, B]z, C]t + z[B, [A, C]r]s with conditions x = zs, y = zr, t = zsr. (23) 

(i) For i = j (22) reduces to [e^, fi] = [[al_j,a~], [a+, a~_ J] = 

[[[at-i,ai],af]g, a-_^]g - q[af, [K", a+J, a-_^]g]g = [Lia+_^,a-_^]g - q[a+, ii-ia,"], (using (21c;)) 
= L,[aU,a^,] - L,.,[at,a7] (from (216)) = (^^^^-^^-^^^) = k^k. 

(ii) For \i - j| > 1 (22) reduces to [a, fj] = qLj-iU^i[[af_j^,a~], [a+, aj_^]] 

= gLj_iLi_i{[[[a+_i, ar],a+]g, aj_.^]g - q[a+, [[a^ ,af_j],aj_.^]g]g} = according to (21d). 

(iii) For j = i - 1 (22) reduces to [e^, = gLi_2ii-i[[a^i, a,"], [at ^, a^.j]], 

= qU-2L^-l{[[[af_^,arlaj_^]g2,ar_^]q - q^[a+_-^, [[a~ , af_-^], a~_2]g]g2) = from (21d). 

(iv) The case i = j — 1 is similar to (iii). 

Eq. (11c), corresponding to i = 1 or to j = 1, can be proved in a similar manner. What remains to be 
proved next, are the Serre relations. Let us consider the first relation in Eq.(12a). 
(i) i ^ 1. [ei,ej] = [[a^i, a-]ii-i, [a+_i,aJ]Lj_i] 

= q^'-'''-^'-'-'-'[[ati,a-], [at_^, aj]]^,. using (216) 

= ([[K^i, a~], a^_i]g, aj]g + q[a'^_i, [[a^'li, a^], aJ]q]q)Li_iLj_i (from (23) and the condition \i - j\ ^ 1) 
= due to (21d). 

Applying the antiinvolution (14) on the first relation in (12a), one obtaines the second relation in (12a). 
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(ii) i = 1. Then [ei,ej] = [a^ , [a+_i, a^- = [a^ , [a+_i, ]]qLj-i 

= q[[aj ,aj'_-^],a^]qLj-i = from {21d) since j > 2. 
We shall now prove the other Serre relations (126). 

(i) Let i 7^ 1. Then [ei, [ei,ei+i]^], = [[a+_i, ar]Lj_i, [[a+_i, ar]ii_i, [a+, ar^jLj],], 
Let us first evaluate the inner commutator . So 

[ei,ei+i]g= [[af_j^,ar],[af,a~^j]]LiLi_i using (216) 

= ([[[ai-i>a»"].«i^]g.«»^i]9 + 9[a+J[a+_i,ar],ar^i]g]g)LiLi_i from (23) 

= [Liaf_^, a~^-^]qLiLi-i (due to the triple relations {21d). 

The full commutator reduces to 

[[at-i^<^i]I'i-iALiat-i,a:[+i]qLiLi_i]g = -[Kti, a-^^], Kti, ar]]gL?_^ (applying (21a) and (216)) 
= (-[[[«ti,ar+i],a+_i]g2,a-], + g2[a+_^, [[a"^!, a+.^j, a-],],2)L2_^ (using identity (23)) 
= from (21d). 

(ii) For i = 1, [ei, [61,62]^], = [a^, [af, [cti", 012 l-^ild?- 
Let's compute the inner commutator: 

[ei, e2\q = [ar. [«f > 0'2]Li\q = [ai, [af, a^]],Li from (21b) 

= {[[a^,ai],a2]q + [at,[a^,a2]q])Li = [[a^;, a^"], a^]gLi (due to (21e) 

Therefore [ei, [ei, 62]^], = [ar> % ]? = 0- 

The other Serre relations are poved in a similar manner. This completes the proof. 

4. Concluding remarks 

We have shown that apart from the Chevalley definition, the universal enveloping algebra U[sl{n+ 1)] of 
the Lie algebra sl{n+l) and also its g— deformed analogue, the Hopf algebra Uq[sl{n+1)], allow alternative 
descriptions in terms of generators and relations. The generators are the (deformed) creation and annihilation 
operators of sZ(n + 1). In this respect the present investigation is along the line of the results obtained in 
[12, 13, 14]. In [12] the algebra Uq[so{2n + 1)] was quantized via its CAGs. The latter are directly related 

9 



to the quantum statistics: in the nondeformed case the CAGs /f^, . . . , /±, of so{2n + 1) are para-Fermi 
operators [4]. A concept of deformed para-Bose operators bf,...,b^, was introduced in [13]; these operators 
provide an alternative description of the quantum superalgebra Uq[osp{l/2n)]. The quantization of all Lie 
superalgebras osp{2n + l/2m), namely of all (super)algebras from the class B in the Kac classification [15], 
via both deformed para-Bose and deformed para- Fermi operators was carried out in [14]. Therefore it is 
not surprising that the (deformed) CAGs of sl{n + 1) are related to new quantum statistics, the exclusion 
statistics of Haldane [5]. Clearly the present results can be extended first of all, to all superalgebras from 
the class A, i.e., all Lie superalgebras 8l{n/m) and their g— deformed analogues. The CAGs of sl{l/n) 
were studied in [1] and later on it was shown that they describe noncanonical quantum systems with new, 
quite unconventional properties [16, 17]. Again the new statistics is an exclusion statistics [17]. It will 
be interesting to extend the present approach to all simple Lie algebras and even further to all basic Lie 
superalgebras. 

We have not written here the explicit action of the comultiplication A, the counit e and the antipode 
S on the CAGs. The expressions follow immediately from the known transformations of the Chevalley 
generators under A, e and S [2, 3] and the relations (13). For instance, 

Aa- = [[[. . . [[Aei, Aezjg, Aeajg . . .]g, Ae^-i],-, Ae,]g, (24) 

where Ae, = Cj (8> 1 + fci e^. Then from (19) one obtains {i ^ 1) 

Aei = aj" 1 -I- Zi (gi , Acj = [a^^, a~]Li_i 1 -|- LjLi-i (g) [a^ia7]Li_i. (25) 

Inserting Eqs.(25) in (24) one obtains an "explicit" expresion for Aa^ via the CAGs. This expression is 
however very involved for large i. Moreover, it is quite assymetrical for different af. For instance, 

AaJ" =aJ"(8)l + Li(g)a];, (26) 

whereas 

Aa2 = 02 1 + -^2 02 + ~ ^^2 ] '^1- (27) 

Therefore, replacing in (26) the index 1 with 2, one does not obtain Aog • One may try to define new, 
simpler and more symmetric expressions for the action of A, e and S on the CAGs, using the available 
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multiparameter deformations of Uq[sl{n + 1)] in the coalgebra sector [18] and fixing appropriately some of 
the parameters. This is the first open problem, which we would like to state. 

The second problem is to construct the Fock representations of the relations (21), namely of the deformed 
CAGs of Uq[sl{n + 1)]. This will lead directly to new solutions for the g-on statistics of Karabali and Nair [9]. 
To this end, one has to find as a first step, an analogue of the triple relations (10) in the deformed case. This 
is equivalent to writing down the "commutation relations" between (almost) all Cartan-Weyl generators, 
expressed via the CAGs (the expressions of the Cartan-Weyl generators via the Chevalley generators and 
the commutation relations they satisfy are known [19]). As a second step, using the Poincare-Birkhoff-Witt 
theorem (following from the triple relations), one can construct the Fock representations of Uq[sl{n +1)]. 
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